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Abstract

Let G = (V,E) be a simple, finite and connected
graph. A partition 77 = {Vy, V,,..V4} is called a
resolving partition if the code of a vertex u € V (G)
with respect to 77, denoted by C7(u) and defined as
Cr(u) = (d(u,Vy),..., d(u, Vy)) is distinct for distinct
vertices. In [3], a new type of resolving partition is
introduced in which only adjacent vertices are to be
resolved. In this paper, this type of partition is
given the name neighbour resolving partition.
Neighbour resolving partition dimension is derived
for various classes of graphs and some bounds for
neighbour resolving partition dimension are
derived
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1. Introduction

Chartrand et al. introduced metric colouring of G
[3]. In a metric colouring, the vertex set

V(G) is partitioned into subsets, not necessarily
independent and the resolution is demanded only
for adjacent vertices. The minimum cardinality of
such a adjacent vertices resolving partition is called
the metric chromatic number of G and is denoted
by u(G). In this paper, the above type of resolving
partition is name as neighbour resolving partition
and the minimum cardinality is denoted by the
same symbol x(G). The value of «(G) is
determined for several classes of graphs and some
bounds are obtained.

2.Neighbour
Dimension
Definition 2.1. Let G = (V, E) be a simple, finite
and connected graph. Let 77 = {Vy, V,,..74} be a
partition of V (G).

I7 is called a resolving partition if
Cr(u) = (d(u, Vy), ...,d(u, V\)) is distinct for distinct
vertices u. If this condition is relaxed and only

Resolving Partition
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adjacent vertices need to be resolved by 77, then 17
is called a neighbour resolving partition of G. The
minimum cardinality of neighbour resolving
partition is called neighbour resolving partition
dimension of G and is denoted by (G).

Observation 2.2. Since any resolving partition is a
neighbour resolving partition,

#(G) <pd(G).

Observation 2.3. For any connected graph G,
2 <u(G) < n.

3. Neighbour Resolving Partition of
Certain Graphs

Theorem 3.1. y(K,) =n.

Proof. Let 77 = {V,V,, ..., ¥} be a minimum
neighbour resolving partition of K,,.

Suppose, |Vi| > 2. Let u, veV;. Then, d(u, V;) = d(v,
V) for every j=i,1 <j <k. uand v are adjacent and
they are not resolved by 77. Therefore, |Vi| = 1 for
every i. Therefore, |71] = n. Therefore, w(K;) = n.

Observation 3.2. Let 77 be a neighbour resolving
partition of V(G). Let u, v be adjacent vertices in
V(G). If d(u,w) = d(v,w) for all vertices weV(G) —
{u,v}, then u and v belong to different classes of /7.

Theorem 3.3. u(Ky n) = 2 where K, is a star
graph.

Proof. Let u be the center vertex and vy, v,,...,v, be
the pendant vertices. Then,

17T = {{u},{vi,vo,...,vn}} is @ minimum neighbour
resolving partition of Ky, Therefore, p(Ky ) = 2.

Theorem 3.4. Let G = (K, ,) be a complete
bipartite graph. Then, w(Kpy, n) = 2.
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Proof. If V;, V,are the partite sets of K, then 77=
{V1,V,} is a minimum neighbour resolving partition
of Kiy -

Theorem 3.5. Let P, be a path. Then,
u(Pn) = 2.

Proof. Let V(P,) = {ugup...u}. Let V; =
{u,Us, ....,u, (or) u,.1} according as n is odd or n is
even. Let V, =V (P,) - Vi. Then I7= {V{, V,} is a
neighbour resolving partition of P,,.

Theorem 3.6. Let C,, be a cycle. Then,

3if nis odd
HCp) = .
2 if nis even

Proof. Let V (C,) ={uy, Uy, ...
Case (i): nis odd.

Let 77={V1, V,, V3} where
V= {Ul, Uz, «oene, Un_z}, V, = {Uz, Uy, ..., Un_l}, V3=
{un}. Then, 77 is a neighbour resolving partition of
Cy. Therefore, 4(C,)) <3if nis odd.

Suppose, u(C,) <2. Clearly, x(C,) > 2. Therefore,
u(C,) = 2. Let IT = {Vi, Vo} be a neighbour
resolving partition of C,. Suppose, u;e Vi.
Therefore, C;(u;) = (0, 1). Let u,€V,. Then u; and
u, are adjacent and have the same code. Therefore,
U,e V,. Since n >3, Uy €V and Uy eV, Unse Vs
etc., since n is odd, u; €V,, a contradiction. Similar
proof holds if u; €V,. Therefore, 4(C,) = 3.

Case (ii): n is even.

Let 77 = {Vy, V,} where V; = {uy, Us, ..., uy1} and
V, = {uy Ug,...,uy}. Clearly, 77 is a neighbour
resolving partition of C,. Therefore, u(G) < 2.
Clearly, u(C,) > 2.

Therefore, 1(G) = 2.

, Un}

Observation 3.7. (W) = 3 where W, is a Wheel
graph.

Proof. Let u be the center and {uy, up,
vertices on the cycle.

Case(i): nis odd. (say n = 2k + 1).
Let 77 = {{u, U1, Up, U1}, {Us, Us,..., Uga}, {Us,
Ug, ..., Ux} Cu) = (0, 1, 1),

CH (ul) = (Ov 27 2)1 CH (UZ) = (01 l, 2)7 CH (u2k+1) =
(0, 2, 1). The vertices in second and third elements
of 77are non-adjacent. Therefore, 77is a neighbour
resolving partition of G. Therefore, 4(G) < 3. But G
is not bipartite. Therefore, 1(G) = 3.

Case(ii): nis even. (say n = 2Kk).

Let 77 = {{u,ug,Up,Ux},{U3,Us, ...,Us.1}, {Us,Us, ..., Uz
23t Cr(u) = (01,1), Cp7 (ug) = (0,2,2), Cpz (u) =
(0,1,2), C;7 (ux) = (0,1,2). Therefore, I7 is a
neighbour resolving partition of G. Therefore, 1(G)
< 3. But G is not bipartite. Therefore, #(G) = 3.

..., un} be the
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Definition 3.8. A fan is defined to be a graph
which is got by joining every vertex of P,
(n > 3), with a new vertex and is denoted by F,.

Observation 3.9. u(F,) = 3 where F, is the fan
graph.

Proof. Let u be the center and {uy, u,,...,u,} be the
vertices on the path.

Case (i): nis odd. (say n = 2k + 1).

Let 77 = {{u, uy, Uy, Uy}, {U3, Us,...... Uk}, {Us
Ug, ... uat}. Crr(U) = (0,1,1), C7(ur) = (0, 2,2), Cpy
(up) = (0,1,2), C;7 (Usk+1) = (0,2,1). The vertices in
second and third elements of /7 are non-adjacent.
Therefore, 77 is a neighbour resolving partition of
G. Therefore, 4(G) < 3. But G is not bipartite.
Therefore, ¢(G) = 3.

Case (ii): nis even. (say n = 2Kk).

Let /7= {{U, Uq, U2,U2k}, {U3, Us,..., M2k.1}, {U4, Us, ...,
Uz} Cr7(u) = (0, 1, 1), Cpr(us) = (0,2, 2), Crr(up)
= (0,1,2), C;; (ux) = (0, 1, 2). Therefore, I7is a
neighbour resolving partition of G. Therefore, u(G)
< 3. But G is not bipartite. Therefore, 4(G) = 3.

Definition 3.10. A complete multipartite is one
that is simple and in which each vertex in one
partitioned set is joined to every vertex that is not
in the same subset. A complete k-partite graph with
cardinalities of partitioned sets a;, a,, as ..., a
denoted by Kal, a2, ..., ak,

Theorem 3.11. Let G = K,; 42 .. an, N> 2, Where G
is the complete k- partite graph with cardinalities of
partitioned sets aj, a,, ...,an. Then, u(Ku; o2 . an) =
n.

Proof. Let G = K,; w2 ... an- Let {Vq, Vo, ...V} be
the partite sets of K,; .o .. an. Then 17 = {Vy,
V,,.....,Vp} is a neighbour resolving partition of G.
Therefore, 1(G) <n.

Suppose, #(G) < n. Let 7/ = {Wy, Wy, ..., W4} be
a neighbour resolving partition of G. Let ujeV;, 1 <
i < n. By pigeon hole principle, there exists W;
which contains at least two of the vertices from {uj,
Uy, ..., U.}. Without loss of generality, let u;, ue
Wi. If for any W; (2 < i < n-1), W, contains vertices
from V; (3 <j < n), then u, and u, being adjacent,
will not be resolved by W;. If W; contains vertices
from Vi, V,, then also u; and u, will not be
resolved. Therefore, for some W;, either V; = W; or
V, = W;. Suppose, V; = W,. Then uy, Uz, ...... , Up
belong to W,,Ws, ..., W, 1. Therefore, there exist
some W; (2 < j < n - 1) containing two of the
vertices from {u,, us, ......... , Un} (say up, Us).
Arguing as before, there exist some W; such that V,
= W; or V3 = W;. Without loss of generality, let V,
= W,. Proceeding in this way, we get that V; = Wj,
Vo, =W,, ..., Vio = W. Therefore, Wpq = Vv
V,. Letx € V.1 and
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y €V,. Then x and y are adjacent, and the codes of x
and y are (1, 1, 1, ..., 0). That is, x and y are not
resolved. Therefore, 4(G) > n. Therefore, u(G) =
n.

Definition 3.12. The multi star graph K, (a;, a,,
..., &) is the graph formed by joining a; > 1, 1 <i <
m pendant vertices to each vertex x; of a complete
graph Ky with V(Kp) = {x1, Xo, ..., Xn}-

Definition 3.13. A double star is a graph obtained
by taking two stars and joining the centers with an
edge. If the stars are K;, and Kj ¢, then the double
star obtained by joining the centers of K, and K,
is denoted by Dy .

Theorem 3.14. u(Ky, (a1, 8, ..... ... ,a8n)) = m, where
Kn(@y, ay, ..., an) is the multi star graph.

Proof. If V (Ky) = {v1, Vo, ..., m}h Uiz, Uig, ...... Uiri
are the pendant vertices at v;, then 77 =

{{\_/1,U11,U12,--~,U1r1},~--,{_\/m, Uma, Umz, -, Um my} is a
neighbour resolving partition of

Km(as,ay, ...,an). Therefore, p(Kn(as,az,....,am)) is m.

Observation 3.14.1. x(D;s) = 2, where D¢ is the
double star graph.

Theorem 3.15. u(P) = 3, where P is the Petersen
graph.

Proof. Let /7= {{uy, us, Ug, Uso}, {Uz, Us, Ug}, {Us,
us, Ug}}. Then 77 is a neighbour resolving partition
of P. Therefore, u(P) <3.

Suppose, w(P) = 2. Let 77={V4, V,} be u -partition
of P. Since fS,(P) = 4, either V; or V, contains
adjacent vertices. Let V; contain adjacent vertices.
Suppose {u;, U} = Vi, UeV,. Then ug and ug do
not belong to V,, since otherwise u;, ug will have
the same code with respect to {V1, V»}. Therefore,
Ug, Uge V. If uzeVy, then u; and uz have a common
neighbour u,eV, and hence u;, uz cannot be
resolved. Therefore, uzeV,. Since ug adjacent with
Us, Ug cannot belong to V,. Therefore, useV;. If
useV,, then us and us; have a common adjacent
point in Vj. Therefore, us and us will not be
resolved. Therefore, useV;. If uyg €V,, then u; and
Us are adjacent and have neighbours in V..
Therefore, u; and us cannot be resolved. Therefore,
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Uy €Vy. If u;eV,, then u, and ug will have the same
code. If u; €Vy, then u, and us will not be resolved.
Therefore, p(P) > 3. Thus u(P) = 3.

Theorem 3.16. [3] Let G be a connected bipartite
graph. Then, 4(G) = 2 if and only if G is bipartite.

Corollary 3.16.1. 1(T) = 2, 1(Cy) = 2, u(Py) = 2
and (D) = 2.

Definition 3.17. Let G =(V, E) be a connected
graph. A subset S of V(G) is called a Neighbour
Resolving Set if CS(u) = {d(u, vy), d(u, Vo), ....,
d(u, v)} where S = {v{, Vo, ..., w} is distinct for
adjacent vertices. The minimum cardinality of a
neighbour resolving set of G is called the
Neighbour Resolving dimension of G and is
denoted by ndim(G).

Theorem 3.18. Let G be a non-trivial connected
graph. ¢(G) <ndim(G) + 1.

Proof. Let ndim(G) = k. Let W = {wy, Wy, ....,m} be
a n-basis of G. Let S; = W,;,(1 < i < k) and let Sy
=V (G) - W. Let I7T={S;, S,,....,Sk Sk+1 } Let u,
veV (G) and u and v are adjacent.

Case (i): u, veW.

Then, for some i, j, i <k, j <k, {u} =S;and {v} =
Sj. Therefore, 77resolves u and v.

Case (ii): ueWand veV (G) - W.

Then {u} = S; for some i, 1 <i <k, ve S¢41.

C (u) has zero at the i place and C; (v) has a
positive value at the i" place. Therefore, 77 resolves
uandv.

Case (iii): u,v €V (G) — W.

Therefore, u,v € Sy41. Therefore, u,veW. Since W is
neighbour resolving, there exists w;eW such that d
(u, w) = d (v,w). That is, d (u, {wi}) = d(v,{w;}).
That is, d (u,S;) = d(v,S;). That is, 77 resolves u and
v. Therefore, 77is a neighbour resolving partition of
G. Therefore, ¢(G) < |71] = k + 1 = ndim(G) + 1.

Observation 3.19. From Theorem 3.1 [2], pd(G) <
n—d + 1, where d is a diameter of the graph G.
Since x4(G) < pd(G) we get that, 4(G) <n—d + 1.
When G = K, ¢(G) = n, d = 1. Therefore, 4(G) =
n—d+1.

Corollary 3.19.1. Let G be a connected graph of
order n, (n >2). Let 4(G) = n— 1. Then diameter of
Gis2.

Proof. 1(G) <n—d+ 1. Therefore, n —1<n—d+ 1.
Therefore, d <2. If d = 1, then diameter of G is 1.
That is, G is complete. Therefore, @(G) = n, a
contradiction. Therefore, d = 2.


http://www.ijasrm.com/

IJASRM

Definition 3.20. A subset S of V in a graph G is
said to be independent if no two vertices in S are
adjacent. The maximum number of vertices in an
independent set of a graph G is called the
independence number of G and is denoted by

5(G)
Observation 3.21. 4(G) <n— £(G) + 1.

Proof. Let S be a maximum independent set of G.
Let 77={S, {vi}, {v2}, ....... , {3} where S; =V -
S= {vi,Vo,..., w} Letx, y e V (G). If xand y are
adjacent, then x ory ¢ S. Therefore, x or y S;.
Case (i): x, yeS:.

Therefore, x and y are resolved by 77. Therefore, 77
is a neighbour resolving partition of G. Therefore,
H@) s =V -5 +1=n-/4(G) + 1

Case(ii): xeS and yeS;.

Then /7 resolves x and y since at the position {y},
code of y with respect to 77is 0 and code of x with

respect to 77is 1. Therefore, 1(G) < |77 = n —f,(G)
+ 1.

Observation 3.22. 4(G) <min {n —d+ 1, n —5,(G)
+ 1}, where d is the diameter of G.

Observation 3.23. Let G be a connected graph of
order n, (n > 3) with diameter d.

Let g (n, d) be the least positive integer k such that
d + 1)*> n — B(G), where B(G) is the
independence number of G. Then g(n, d) < «(G).

Proof. Let x(G) = k. Let /7= {Vy, V,,...., 7} be a
npd-partition of V(G). Since adjacent vertices have
representation with respect to /7 as a k — vector
whose elements are in the range 0 to d, there are
(d+1)* possible representations. Since only adjacent
vertices are to be resolved, at most n - £,(G)
vertices are to be resolved. Therefore, (d + 1)*>n -
Bo(G). 1(G) = k and g(n, d) <k. Therefore, g(n, d)
<u(G).

Theorem 3.24. [3] Let G be a connected graph of
order n> 3. Then x(G) =n—-1ifand only if G is
either K, — e or K; + (K; UK,).

Definition 3.25. A graph G obtained from a wheel
by subdividing each pair of adjacent vertices on the
cycle exactly once is called the Gear Graph.

Theorem 3.26. u(G,,) = 2, where G,, is the Gear
graph.

Proof. A Gear graph G,, has order 2n + 1 and size
3n. Every vertex on the cycle of G,, has degree 2 or
3. The central vertex has degree n. Since G,, is
bipartite, 1(G,,) = 2.

15

International Journal of Advanced Scientific Research and Management, VVolume 3 Issue 10, Oct 2018

WWW.ijasrm.com

ISSN 2455-6378

Definition 3.27. The graph H,.; obtained from a
wheel W,.; with cycle C, having a pendant edge
attached at each vertex of the cycle is called the
Helm Graph.

Theorem 3.28. u(H,+1) = 3, where Hy.; is the
Helm Graph.

Proof. Let H,.1 be a Helm graph.

Case (i): n is even.

Then the cycle surrounding the wheel has n
vertices. Let 77 = {{u,u,,...,u.}, {us, Uz ..., up.
H{us, Ug,...., un}}. Then I7is a neighbour resolving
partition of H,.,.Therefore, x(H,+1) <3. Since Hp4q
is not bipartite, g(Hn+1) = 3. Therefore, g(Hn+1) =
3.

Case(ii): nis odd.

Let u be the center of the wheel, ug, u,,...., U+ be
the vertices on the cycle surrounding the wheel. Let

u; be the pendant vertex attached with u;,1 <i <2k
+ 1.

Let 77 ={{u,U;,Uy,Up,y Uy oo Upery F.{Us, Us, ..., 22
1h{us, Us, ... ux}}. Then 77is a neighbour resolving
partition of H,.;. Therefore, u#(H,+1) < 3. Since
H,+1 is not bipartite, z(Hn+1) = 3.

Definition 3.29. A graph f,, which is a collection of
n-triangles with a common vertex is called the
Friendship Graph.

Theorem 3.30. x(f,) = 3, where f, is the friendship
graph.

Proof. Let u be the central vertex of f, and
U,Ug,Uy, Uy, U U be  the edges of the n-
triangles with a common vertex u. Let 77 =
{ur{u,u,,...,u }{u,u,,..,u}}. Then 77 is a
neighbour resolving partition of f,. Therefore, z(f,)

< 3. But f, is not bipartite. Therefore, u(f,) > 3.
Therefore, u(f,) = 3.

Definition 3.31. Let G=(V, E) be a simple graph.
The Myceilskian of G is the graph x(G) with
vertex set equal to the disjoint union V LV 'U{u}

whereV'={x/x e V}and the edge set

Eu{xy,y'x/xye E}u{y'v/y'eV }. The vertex
x”is called the twin of the vertex x and the vertex v
the root of 1(G).

Theorem 3.32. Let G be a connected graph. @(G;)
<u(G) + 1, where G is the Mycielskian of G.

Proof. Let V (G) = {uy, Uy, ....., u,}. Let
V(G)={u,,u,,...,u,,u,U,,....,u, ,v},where u, is
adjacent with neighbour of u; in V(G) (1 <i<n) and
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v is adjacent with{u,,u,,....,u }. Let 77 = {Vy, Vs,
..., Vi} be a neighbour resolving partition of V (G).
Let /4 = {v}U Vi, Vo, ..., Vie{u,U,,....,u }}.

Then 77, is a neighbour resolving partition of
V (Gy). Therefore, 1(G;) <u(G) + 1

4. Conclusion

The study of metric chromatic number was initiated
by Chartrand et al. In this paper, neighbour
resolving partition dimensions for some classes of
graphs are found out. Further study can be done on
neighbour resolving partition of a graph like
determining neighbour resolving partition number
for different types of product graphs, finding
graphs for which neighbour resolving partition
dimension of G and Mycielskian of G are equal,
characterization of graphs with neighbour resolving
partition dimension being equal to n, n— 1, n— 2, 1
and 2.
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