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Abstract
In this paper, we have defined and studied on

projective recurrent and symmetric tensor in almost
Kaehlerian spaces and several theorems have been
investigated. The condition that an almost
Kaehlerian space be a projective recurrent space of
the first order, second order and first kind, second
order and Second kind are established. Also, The
condition that an almost Kaehlerian space be a
projective symmetric space of the first order and
first kind, second order and second kind, etc are
proved.
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1. Introduction
An almost Kaehler space is first of all
an almost complex space, that is, a 2n-dimensional
space with an almost complex structure F" :
Flj Fhi - —Shj,
(1.2)
and always admits a positive definite Riemannian
metric tensor g;; satisfying:
F P Gab = Gji
(1.2)
from which
Fii = —Fi,
(1.3)
where
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def .
Fi = FjGai
(1.4)

and finally has the property that the differential
form o

Fji d ~ d;' is closed, that is,

def

Fjih = VJ‘Fih +V; th +V, Fji =0

(1.5)
and the identity
Fij Fi =3 Fjih Fihy
(1.6)
where
Fi = 'Vj Fhi
1.7

and V denotes the operation of covariant
differentiation with respect to the Riemannian
connection {;' 3.

If in an almost Kaehler space, the
Nijenhuis tensor satisfies the condition

Njin + Njhi = 0,
then we deduce from it Gji, = 0, i.e.

Vj Fhi +V; th =0
(1.8)
and the space is an almost Tachibana space. Thus,
we have

3Vj Fih = Fjih =0.
Consequently, the space is a Kaehler space i.e. an
almost Kaehler space is a Kaehler space, if and
only if the Nijenhuis tensor equation is satisfied.
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A Contravariant almost analytic vector
field is defined as a vector field V', satisfying
(Tachibana (1959)):

£VFhiij6j Fhi— Fji aj Vh + th O Vj =0,

(1.9)
where £, stands for the Lie-derivative with respect
to v'.

2. Projective recurrent tensor in almost

kaehlerian spaces
The holomorphic projective curvature
tensor, P", is given by

1
) phijkh: R + PN (Ric 8 — Ry 8" +
Sik F'j— Sik F'i + 25;; F'y),
n+2
or equivalently
1
Pijkm = Rijum + ===------ (Rik Ojm — Rik Gim +
Sik Fjm — Sk Fim *+ 2Sij Fim),
n+2

Where Rhijk and R = Raija are the Riemannian
curvature and Ricci-tensor respectively. The tensor
which is defined by

Sij = Rri Orj » Satisfies Sij =- Sji.

We know that a space for which we have
at every point

Va Pijm = Aa Pijkm = 0,

(2.1)

is called an almost Kaehlerian projective recurrent
space.

DEFINITION (2.1): An almost Kaehler
space, for which at every point, we have

Va (F'h Pijkm) - a Fy Pijm = 0,

(2.2)

will be called an almost Kaehlerian projective
recurrent space of the first order and first kind.

DEFINITION (2.2): An almost Kaehler
space, for which at every point, we have

Va (F' Pt Pijkm) - Aa F'y P Pijkm = 0,

(2.3)

will be called an almost Kaehlerian projective
recurrent space of the second order and first kind.

DEFINITION (2.3): An almost Kaehler
space, for which at every point, we have

Va (F'h F Pijkm) = Aa F'n F Pijen = 0,

(2.4)
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will be called an almost Kaehlerian projective
recurrent space of the second order and second
kind.

DEFINITION (2.4): An almost Kaehler
space, for which at every point, we have

Va (Fi P FS Pikn) = % F'h P F Pijen =
0, (2.5)
will be called an almost Kaehlerian projective
recurrent space of the third order and first kind.

DEFINITION (2.5): An almost Kaehler
space, for which at every point, we have

Va (Fiy PLFSF™ P - A By PP FT
Pijkm = O, (26)
will be called an almost Kaehlerian projective
recurrent space of the fourth order and first kind.

We, now, have the following:

THEOREM (2.1): The condition that an
almost Kaehlerian space be a projective recurrent
space of the first order is

Va Prjkn = Aa Prjkm = F'a F' (Vi Pk = A

Pikm).  (2.7)

PROOF: Equation (2.2) is equivalent to

(Va F'1) Pijkm *+ F'h Va Pijkm = Aa F'h Pijkm =
0. (2.8)
Interchanging the indices a and h in equation (2,8)
and adding the result thus obtained in the above
equation, we get after using (1.8),
~ (VaPijm = Xa Pijkm) Fn + (ViPijim = A
Pim) Fa=0, (2.9)

Transvecting the above equation with F"; and using
(1.1) we get the required condition (2.7).

THEOREM (2.2): The condition that an
almost Kaehlerian space be a projective recurrent
space of the second order and first kind is

) va _(FJI Prjkm) - 7"a th Prjkm = [Vh (FJI Pijkm -
M Py Pign)]Fa F (2.10)
PROOF: Equation (2.3) is equivalent to
. (VaF') Pt Pijkm + F'h Va (P Pijkm) - 2 F'y
FJt Pijkm =0. (211)
Interchanging the indices a and h in the above

equation and adding the result thus obtained in
(2.11), we get after using (1.8),

= [Va (P Pigm) - Aa Py Pien] + Fa [V (P
Pijkm) = n Pt Pijem] = 0. (2.12)
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Transvecting the above equation by F"; and using
(1.1) we get the required condition (2.10).
THEOREM (2.3): The condition that an
almost Kaehlerian space be a projective recurrent
space of the second order and second kind is
Val (st Prjkm) - 7\'a st Prjkm = [Vh (st
Pijkm) = An F Pijkm] F'a F'. (2.13)

The proof is similar to the proof of
theorem (2.2).

THEOREM (2.4): The conditions that an
almost Kaehlerian space be a projective recurrent
space of the third and fourth order are

. Va (th st I:)rjkm) - Xa th st I:>rjkm = [Vh
(P, F Pijkm) —
}\«h th st I:)ijkm] Fia Fhr- (2-14)
and
Va (Flt st an Prjkm) - }La th st an I:’rjkm

_ = [Va (P PSS FT Pian) -
P F F™, Pijn] Fa F'r. (2.15)
PROOF: The equation (2.5) is
equivalent to

(Va F) Py FS Pijen + FinVa (P F
Pijkm) = Aa F'n Pt F Pijn= 0 (2.16)

Interchanging the indices a and h in the
above equation and adding the result, thus obtained
in (2.16), we get after using (1.8),

Fir [Va (P F Pijian) - ka_th F _Pijkm] +
, Fa' [Vi(F: Fs Pijcr)
- thtstPijkm] =0 (217)

Transvecting the above equation by F"; and using
(1.1), we get the condition (2.14). The proof of the
condition (2.15) is similar to the proof of the
condition (2.14).

3. Almost kaehlerian projective

symmetric space

DEFINITION(3.1): An almost Kaehler
space, for which the holomorphically projective
curvature tensor P", satisfies

VaP"i = 0, or equivalently V, Py, =
0, (3.2)
will be called an almost Kaehlerian projective
symmetric space in the sense of Cartan.
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DEFINITION@B.2): An almost Kaehler
space, for which the holomorphically projective
curvature tensor Phi,-k, satisfies

Va (F'h Pijkm) = 0,

(3.2)
will be called an almost Kaehlerian projective
symmetric space of the first order and first kind.

DEFINITION(3.3): An almost Kaehler
space, for which the holomorphically projective
curvature tensor Phijk, satisfies

Va (F'h Pt Pijem) =0,

(3.3)
will be called an almost Kaehlerian projective
symmetric space of the second order and first kind.

DEFINITION@3.4): An almost Kaehler
space, for which the holomorphically projective
curvature tensor Phijk, satisfies

Va (F'h F Pijem) = 0,

(3.4)
will be called an almost Kaehlerian projective
symmetric space of the second order and second
kind.

DEFINITION(3.5): An almost Kaehler
space, for which the holomorphically projective
curvature tensor Phijk, satisfies
Va (F'h Pt F Pijn ) = 0,

(3.5)

Va (Flh FJt st an Pijkm) = O,

(3.6)
Will be called respectively an almost Kaehlerian
projective symmetric space of the third order and
the fourth order.

and

We, now, have the following:

THEOREM (3.1): The condition that an
almost Kaehlerian space be a projective symmetric
space of the first order and first kind is

Va I:’rjkm - Fia I:hr Vi, I:’ijkm =0.
(3.7)

PROOF: Equation (3.2) is equivalent to

(Va F') Pijm + F'h Va Pijn = 0.
(38)
Interchanging the indices a and h in the above
equation and adding the result thus obtained in
equation (3.8), we get after using (1.8),

Fia Va Pijkm + Fla Vi Pikm = 0,
(3.9)
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Transvecting the above equation with F", and using
(1.1), we have the required condition (3.7).

THEOREM (3.2): The condition that an
almost Kaehlerian space be a projective symmetric
space of the second order and first kind is

Va (th Prjkm ) - I:Ia I:hr Vh (th Pijkm ) =0
(3.10)

PROOF: Equation (3.3) is equivalent to

(Va F1) P Pijkm + F'h Va (P Pijm ) = 0
(3.11)
Interchanging the indices a and h in the above
equation and adding the result thus obtained in
(3.11), we get after using (1.8),
Fih Va (Pt Pijm) + F'a Vi (P Pigm ) = 0
(3.12)
Transvecting the above equation with F"; and using
(1.1), we get the required condition (3.10).
Similarly, we can prove the following:
THEOREM (3.3): The condition that an
almost Kaehlerian space be a projective symmetric
space of the second order and second kind is
Va (F Prjkm) — Fla F" vy (F Pijkm ) =
0. (3.13)

THEOREM (3.4): The conditions that an
almost Kaehlerian space be a projective symmetric
space of the third and fourth order are:

Val (th st I:)rjkm) - Fia Fhr Vh (th st
Pijkm) =0. (314)

And va (FJt st an IDrjkm) - Fia I:hr vh (FJt st
an Pijkm) =0 (315)
respectively.

PROOF: The

equivalent to

equation (3.5) is

(Va Fin) P FS Pijkm + Fia Va (P FS Pijkm)
=0. (3.16)
Interchanging the indices a and h in the above
equation and adding the result thus obtained in
(3.16), we get after using (1.8),

Fih va (th st I:)ijkm) + Fia Vh (FJt st

Pijkm) =0. (317)
Transvecting the above equation with F", and using
(1.1), we get the required condition (3.14).

Similarly, we can prove the condition
(3.15).
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