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Abstract
This paper is focused on the study of heat transfer
characteristics of MHD non-Newtonian Tangent
Hyperbolic boundary layer flow over a truncated
cone with Biot number effect. The governing partial
differential equations of the flow field are converted
to a system of non-linear coupled non-similarity
ordinary differential equations. Employing Shooting
technique followed by finite centered difference
technique (Keller Box Method), the system is solved
numerically. The numerical code is validated with
previous studies. The results of flow and heat
analysis on velocity and temperature profiles are
given diagrammatically. The numerical results point
out that, increasing MHD parameter (M) serves to
decelerate the flow, but increased temperature values
and increase in the Biot number (Bi) is observed to
enhance velocity and temperature.

cone embedded in a porous medium. Elbashbeshy et
al. [6] analyzed radiation effects non-Newtonian
fluid flow past a vertical truncated cone. Subba Rao
et al. [7] discussed the Newtonian heating on
hydrodynamic fluid flow over a circular cylinder.
Reddy and Pradeepa [8] studied viscous disspation
and sorret effects on natural convection flow over a
truncated cone in the presence of biot number.
Several authors [9-11] investigated heat transfer of
the non-Newtonian fluid of various physical
problems.
The present work, we examine theoretically and
computationally
the
steady-state
transport
phenomena
in
magneto-hydrodynamic
nonNewtonian fluid flow from a truncated cone with
biot number effects. Magnetic fields have been found
to profoundly influence heat transfer and velocity
characteristics in curved body flows. Relevant
examples include Bég et al. [12] (for cylindrical
geometries), Alkasasbeh et al. [13] who addressed
radiative effects, who considered porous medium
drag effects and Kasim et al. [14] who used a
viscoelastic model.

Keywords: Lorentz force, Convective boundary condition,
Keller-box numerical method, Casson Viscoplastic model.

1. Introduction
Magnetic field effects on a conducting fluid received
good attention from researchers. The phenomenon of
Magnetohydrodynamic is important with regard to
tremendous applications like electrical power
generation, solar system technology, space vehicles,
missiles, propulsion devices for aircraft, nuclear
plants, astrophysical flows, and many others.
Although ample studies were generated for the
boundary layer flow in the presence of thermal
radiation, the fluid thermal conductivity in such
cases is treated as a constant. These include
petroleum drilling muds [1], biological gels [2] and
polymer processing [3]. Amanulla et al. [4] presented
extensive numerical solutions for Magnetohydrodynamic and non-Newtonian fluid flow over
vertical cone with the presence of slip effects, using
finite difference method. Cheng [5] investigated heat
transfer of power law nanofluid over a truncated

2. MATHEMATICAL VISCOPLASTIC
FLOW MODEL
Major Consider the steady, viscous, twodimensional, incompressible, free convection flow
from a non-isothermal vertical permeable cone
embedded in a Casson non-Newtonian fluid. Figure
1(a) depicts the flow model and physical coordinate
system.
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in dimensionless form, the following
dimensional quantities are introduced:

In which
and
is the (i,j)th component of
deformation rate, denotes the product of the product
base deformation rate with itself, shows a critical
value of this product based on the non-Newtonian
model,
the plastic dynamic viscosity of nonNewtonian fluid and the yield stress of fluid.

  C1 yx1/4 , C1 

g  (Tw  T )
4 2

non-

,

1/2

f ( , ) 


x
,   
3/4
4 C1 x
L

 ( , ) 

T  T
C  C
,  ( , ) 
Tw  T
Cw  C

Gr 

(6)

g  Tw  T  L3

2
The transformed boundary layer equations for
momentum and energy emerge as:
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Fig. 1. Schematic diagram of the problem
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The skin-friction coefficient (cone surface shear
stress function) and Nusselt number (heat transfer
rate) can be defined using the transformations
described above with the following expressions:
n


C f  4 C13 x1/ 4  (1  n) f ( , 0)  Wef ( , 0)  (10)
2
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(4)

In this study, the efficient implicit (finite difference)
Keller-Box method has been employed to solve the
general flow model defined by equations (6) – (7)
with boundary conditions (8). This method was
originally developed for low speed aerodynamic
boundary layers by Keller [15]. This method has
been used extensively and effectively for over three
decades in a large spectrum of nonlinear fluid
mechanics problems. These include laminar transport
phenomena [16] and viscoplastic boundary layer
flows [17,18].
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3. COMPUTATIONAL FINITE
DIFFERENCE SOLUTIONS

The boundary conditions for the considered flow
with conductive heating:
At y  0, u  0, v  0,  k

(8)

At   0, f  0, f   1,    (1   (0))
As
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Along the transformed boundary conditions (4) are

The equations for mass continuity, momentum and
energy, can be written as follows:
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The stream function  is defined by u   / y
and v   / x , and therefore, the continuity
equation is automatically satisfied. In order to write
the governing equations and the boundary conditions

27

International Journal of Advanced Scientific Research and Management, Volume 4 Issue 3, Mar 2019
www.ijasrm.com
ISSN 2455-6378

4. Results and Discussion
The Comprehensive solutions have been
obtained with Keller Box Method and are presented
in Figs. 2a-b to 7a-b. The numerical problem
comprises three dependent thermo-fluid dynamic
variables
and five multi-physical control
parameters, We, M, Pr and Bi. The influence of
stream wise space variable  is also investigated. For
accuracy, we compared our results with Yih [19] and
Reddy and Pradeepa [8] and we observed that a very
good agreement with previous results as shown in
Table1.
Figure 2a-2b displays the impact of viscoelastic flow
parameter (We) on velocity, and temperature profiles
severally. Velocity profile and boundary layer
thickness decrease for the higher values of
viscoelastic flow parameter (We) as shown in figure
2a. However, via coupling of the energy eqn. (7) and
momentum equation (free convection), the effect of
viscoelastic parameter is indirectly transmitted to the
temperature field. Since the Weissenberg number is
also present in the wall boundary condition, the
acceleration effect is only confined to the region
close to the cone surface. Overall however the
dominant influence of We, is near the wall and is
found to be assistive to momentum development.
Only a very small decrease in temperature is
observed with a large enhancement in Weissenberg
number, as shown in Fig. 2b.

Fig. 2a. Effect of Viscoelastic fluid parameter We over
velocity profile

The influence of power law index (n), on the velocity
( f  ) and temperature (  ) in the presence of the
MHD (M  1.0) is displayed in Figs. 3a-b. It is
observed that the velocity profile is significantly
decrease with increasing rheological power law
index (n). Momentum diffusion is reduced and
hydrodynamic boundary layer thickness is decreased
at the cone surface. Conversely, temperature is
consistently reduced with increasing values of power
law index.

Fig. 2b. Effect of Viscoelastic fluid parameter We over
Temperature profile

Fig. 3a. Effect of Power law index over Velocity
profile
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In figure 4a, it's determined that the velocity profile
decreases with the rise of the magnetic parameter
values, as a results of the presence of a magnetic
field in an electrically conducting fluid introduces a
force referred to as the Lorentz force, that acts
against the flow if the magnetic field is applied in the
normal direction, as within the gift study. This
resistive force slows down the fluid velocity. For the
temperature profiles will increase by increasing the
magnetic parameter component as display in figure
4b. These results concur with other investigations of
magnetic non-Newtonian heat transfer including
Kasim et al. [14] and Megahed [20].

Fig. 3b. Effect of Power law index over Temperature
profile

Fig. 5a. Influence of Biot number parameter over
Velocity profile

Fig. 4a. Effect of magnetic field parameter over
velocity profile

Fig. 5b. Influence of Biot number parameter over
temperature profile

Figs. 5a-b illustrate the variation of velocity and
temperature with transverse coordinate (), for
different values of Biot number (Bi). Biot number is
imposed in the augmented wall boundary condition
in eqn. (8). With increasing Biot Number, more heat
is transmitted to the fluid and this energizes the
boundary layer. This also leads to a general

Fig. 4b. Effect of magnetic field parameter over
Temperature profile
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acceleration as observed in fig. 5a and also to a more
pronounced restoration in temperatures in fig. 5b, in
particular near the wall. The effect of Biot number is
progressively reduced with further distance from the
wall (cone surface) into the boundary layer and
vanishes some distance before the free stream. A
similar response has been observed by Rao et al. [7].

will diffuse at a faster rate than momentum. In this
manner for lower Pr fluids (e.g. Pr = 0.71 which
physically relate to liquid metals), the flow will be
accelerates whereas for greater Pr fluids (e.g. Pr = 1
for low weight molecular polymers [10]). The result
shows that an increases of Prandtl number leads to a
decreasing the thermal boundary layer thickness. it
will be strongly decelerated, as observed in Fig.6b.
For Pr < 1, the momentum boundary layer thickness
is lesser than thermal boundary layer thickness.

Fig. 6a. Influence of Prandtl number over Velocity profile
Fig. 7a. Influence of  over Velocity profiles

Figs. 7a-b present the distributions for velocity and
temperature fields with stream wise coordinate, for
the viscoelastic. Increasing  values correspond to
progression around the periphery of the cone, from
the leading edge (=0). As  increases, there is a
weak deceleration in the flow (fig. 7a), which is
strongest nearer the cone surface and decays with
distance into the free stream. Conversely there is a
weak elevation in temperatures (fig. 7b) with
increasing stream wise coordinate.

Fig. 6b. Influence of Prandtl number over temperature
profile

Figure 6a-6b shows the variation of the velocity and
temperature profile for numerous values of Prandtl
number (Pr). For Pr equal to unity both the
momentum and thermal diffusion rates are the same,
as are the momentum and thermal boundary layer
thicknesses. An increment in Pr from 1.0 to 7.0,
which corresponds to increasing momentum
diffusivity and decreasing thermal diffusivity, results
in a tangible reduction in velocity magnitudes
throughout the boundary layer. For Pr <1, thermal
diffusivity surpasses momentum diffusivity i.e. heat

Fig. 7b. Influence of  over Temperature profile
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Table 2 presents the influence of magnetic body
force parameter (M), the power law index (n), along
with a variation in the Weissenberg number (We). It
is observed that the increasing M and power law
index, skin friction is reduced. And increasing We,
accelerates the Skin friction.

[4]

[5]

Table 2 Numerical values of skin friction coefficient
for different values of M, We, n
n
0.0
0.1
0.2
0.3
0.3
0.3

M
0.0
0.0
0.0
0.5
1.0
1.5

We=0.0
0.4333
0.4183
0.4015
0.2966
0.2479
0.2167

We=0.5
0.4333
0.4193
0.4029
0.2964
0.2478
0.2167

We=1.0
0.4333
0.4201
0.4035
0.2963
0.2476
0.2166

[6]

[7]

6. Conclusions

[8]

In this paper, we presented a mathematical
model for steady, MHD, two-dimensional
incompressible tangent hyperbolic flow through an
isothermal truncated cone with biot number effect.
Very good correlation between the present
computations and the trends of other previous studies
has been identified. The most important results in
summary are:

[9]

1. Enhancing the effect of the magnetic field
parameter has the impact of decreasing the fluid flow
and increasing temperature.
2. Raising the Weissenberg number (We) and
power law index parameter (n), reduced the velocity
near the cone surface and also decrease temperature
throughout the boundary.
3. Increasing Biot number, increases velocity and
temperature for all values of radial coordinate i.e.
throughout the boundary layer regime.

[10]

[11]

[12]

References
[13]

[1] Livescu, S. (2012). Mathematical modeling of
thixotropic drilling mud and crude oil flow in
wells and pipelines—A review, J. Petroleum
Science and Engineering, 98/99, 174–184.
[2] Hron, J., J. Málek, P. Pustějovská and K. R.
Rajagopal (2010). On the modeling of the
synovial fluid, Advances in Tribology, 2010
(2010), Article ID 104957, 12 pages.
[3] Loix, F., L. Orgéas, C. Geindreau, P. Badel, P.
Boisse and J. F. Bloch (2009). Flow of nonNewtonian liquid polymers through deformed

[14]

31

composites reinforcements, Composites Science
and Technology, 69(5), 612–619.
Amanulla, C. H., N. Nagendra and M.
Suryanarayana Reddy (2017). MHD Flow and
Heat Transfer in a Williamson Fluid from a
Vertical Permeable Cone with Thermal and
Momentum Slip Effects: A Mathematical Study,
Frontiers in Heat and Mass Transfer, 8, 40.
Cheng, C.Y. (2012). Free convection of nonNewtonian nanofluids about a vertical truncated
cone in a porous medium, Int. Comm. Heat Mass
Transf., 39(9), 1348–1353.
Elbashbeshy, E. M. A., T. G. Emam, and E. A.
Sayed (2016). Effects of thermal radiation on
free convection flow and heat transfer over a
truncated cone in presence of pressure work and
heat generation/absorption, Thermal Science,
20(2), 555-565.
Subba Rao, A., N. Nagendra, C. H. Amanulla,
M. Surya Narayana Reddy and O. A. Bég
(2017). Computational Analysis of NonNewtonian Boundary Layer Flow of Nanofluid
Past a Vertical Plate with Partial Slip, Modelling,
Measurement and Control B, 86(1), 271-295.
Ram Reddy, C. H., and T. Pradeepa (2016).
Non- similarity solution of micropolar fluid flow
over a truncated cone with soret and viscous
dissipation
effects
using
spectral
quasilinearization method, Int. J. Appl. Comput.
Math., 1-15.
Rushi Kumar B., Sravan Kumar T., Vijaya
Kumar A. G., 2015, Thermal diffusion and
radiation effects on unsteady free convection
flow in the presence of magnetic field fixed
relative to the fluid or to the plate, Frontiers in
Heat and Mass Transfer (FHMT) 6 – 013012.
Dealy, J. and K. Wissbrun (1990). Melt
Rheology and its Role in Plastics Processing:
Theory and Applications, Van Nostrand
Reinhold, New York.
Stepanov, G. V., S. S. Abramchuk, D. A.
Grishin, L.V. Nikitin, EYu Kramarenko, A. R.
Khokhlov (2007). Effect of a homogeneus
magnetic field on the viscoelastic behavior of
magnetic elastomers, Polymer, 48(2), 488–495.
Bég, O. A., J. Zueco, M. Norouzi, M. Davoodi,
A. A. Joneidi and A. F. Elsayed (2014). Network
and Nakamura tridiagonal computational
simulation of electrically-conducting biopolymer
micro-morphic transport phenomena, Computers
in Biology and Medicine, 44, 44–56.
Alkasasbeh, H. T., M. Z. Salleh, R. Nazar and I.
Pop (2014). Numerical solutions of radiation
effect on Magnetohydrodynamic free convection
boundary layer flow about a solid sphere with
Newtonian heating, Applied Mathematical
Sciences, 8(140), 6989 – 7000.
Kasim, A. R. M., N. F. Mohammad, I. Anwar
and S. Shafie (2013). MHD effect on convective
boundary layer flow of a viscoelastic fluid
embedded in porous medium with Newtonian
heating, Recent Advances in Mathematics, 4,
182-189.

International Journal of Advanced Scientific Research and Management, Volume 4 Issue 3, Mar 2019
www.ijasrm.com
ISSN 2455-6378

[15] Keller, H.B. (1970). A new difference method
for parabolic problems, J. Bramble (Editor),
Numerical Methods for Partial Differential
Equations, Academic Press, New York, USA.
[16] Amanulla, C. H., N. Nagendra and M. Surya
Narayana Reddy (2017). Numerical Study of
Thermal and Momentum Slip Effects on MHD
Williamson Nanofluid from an Isothermal
Sphere, Journal of Nanofluids, 6(6), 1111–1126.
[17] Amanulla, C. H., N. Nagendra, M. Surya
Narayana Reddy, A. Subba Rao and O. Anwar
Bég (2017). Mathematical Study of NonNewtonian Nanofluid Transport Phenomena
from an Isothermal Sphere, Frontiers in Heat and
Mass Transfer, 8, 29.

[18] Amanulla, C.H., Nagendra, N., Subba Rao A.,
Anwar Bég O., and Kadir A., (2017). Numerical
Exploration of Thermal Radiation and Biot
Number Effects on the Flow of a NonNewtonian MHD Williamson Fluid over a
Vertical Convective Surface, Heat Trans Asian
Res. 00, 1–19.
[19] Yih, K.A. (1999). Effect of radiation on natural
convection about a truncated cone. Int. J. Heat
Mass Transf., 42(23), 4299–4305.
[20] Megahed, A. M. (2012). Variable viscosity and
slip velocity effects on the flow and heat transfer
of a power-law fluid over a non-linearly
stretching surface with heat flux and thermal
radiation, Rheologica Acta, 51, 841–847.

32

