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Abstract

A mathematical model is proposed by assuming
blood as an elastico-viscous fluid containing
magnetic nanoparticles flowing through a rigid mild
stenosed arterial tube. Momentum equations are
framed by considering an external magnetic
transverse force and periodic body acceleration on a
porous tube containing fluid. The resulting flow
governing equations are solved using Laplace and
Hankel transforms method simultaneously. A closed
form solution is derived for the flow characteristics
such as flow velocity of the fluid and particles, flow
resistance, effective viscosity, shear stress at the
wall, and the acceleration of fluid and particles. The
effects of various pertinent parameters on the flow
characteristics are analysed numerically and
discussed graphically. The present study asserts that
the flow characteristics of blood significantly alter
even with a small increase in the magnitude of elastic
parameter and the Darcy number.
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1. Introduction

One of the fundamental causes of death across the
globe is accredited to atherosclerosis which remains
as the root cause for the cardiovascular diseases.
The development of stenosis severely affects the
arterial fluid flow rate, perfusion and thereby causes
sequential malfunction of vascular network system

which disrupts the blood rheology in that region.
Considering this, several modest scientific efforts
have been made by various investigators ([1]-[4]) to
analyze the flow physiognomies of Newtonian blood
in occluded wvessels. Blood constitutes formed
elements like red blood cells (erythrocytes), white
blood cells (leukocytes) and platelets
(Thrombocytes). Therefore, typically blood is
regarded as a non-Newtonian fluid model and many
researchers [5-8] have investigated the flow of non-
Newtonian blood through stenosed arteries assuming
different shapes of stenosis. Further, the pulsatality
of blood under different conditions have been
discussed by numerous authors [9-12]. Silva et al.
[13] have discussed the flow characteristics with
respect to porosity, Darcy number, flow behavior
index and shear stress jump coefficient by including
the porous medium in the flow field of the Power-
law model. The results proved that, for a mass flow
rate the pressure drop, is a function of porosity.

Several studies analyzed and proved the significance
of applied magnetic force in the blood flow. [14-16].
Assuming blood as an elastico-viscousfluid that
passes through a circular tube with a periodic body
acceleration in the presence of transverse applied
magnetic field, the MHD flow of blood was explored
by [17]. Likewise, the effect of the magnetic field
and periodic acceleration on the flow of Couple
stress fluid blood in a tapered stenosed artery is
discussed by [18]. Sharma et al.[19] studied the
effect of magnetic force on blood flow parameters,
not only highlighted the presence of magnetic
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nanoparticles in blood and the interaction force
between fluid and particles but also stated that the
velocity of fluid and particles could be reduced
palpably under strong magnetic field. This
phenomenon holds relevance in the healthcare
processes like the reduction of bleeding during
surgery and modern drug targeting delivery method.
Mirza et al. [20] have presented a mathematical
model for the pulsatile flow of Bingham fluid with
magnetic particles that flows through a stenosed
artery with oscillating pressure gradient, periodic
body acceleration, applied magnetic field and slip
velocity at the wall.. He stated that the speed of
blood and magnetic particles could be regulated by
altering the magnetic parameter. Furthermore, the
effect of particle concentration on the flow
characteristics is examined by [21]-[22], assuming
the flowing fluid as particulate suspension of a non-
Newtonian model in a stenosed arterial tube. In the
course of the literature survey, it is found that no one
has considered the concept of elastico-viscous fluid
blood with magnetic particles flows through a
stenosed artery. In essence, the literature survey
discloses the fact that little consideration has been
given to the concept of elastico-viscous fluid blood
with magnetic particles that flows through a stenosed
artery.

The objective of the present study is to investigate
the flow of elastico-viscous fluid blood embedded
with nanoparticles in a stenosed arterial circular rigid
tube, where the tube is subjected to an external
magnetic field, oscillating pressure gradient, and
periodic body acceleration. It is assumed that the
magnetic particles are spread evenly throughout the
blood and fluid flows in the axial direction of the
tube. Corresponding flow governing equations are
obtained and converted into a dimensionless form of
non-linear  partial differential equations by
appropriating  non-dimensional coordinates. A
closed-form solution is derived for the velocity of the
fluid in the axial direction, speed of particles, shear
stress at the wall, fluid flow rate and flow resistance.
The influence of various parameters on velocities,
wall shear stress and flow resistance are analyzed
numerically and their physiological significance is
discussed through graphs. It is observed that the
elastic parameter reduces the flow resistance for
smaller magnitude and increases for greater
magnitude.

2. Mathematical model

Let us consider the pulsatile flow of blood as an
incompressible, fully developed, axially symmetric
and electrically conducting fluid suspended with
magnetic particles through a mild stenosed artery.
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Here, we assume that the arterial wall has
asymmetric and mild stenosis as shown in Fig.1 [21].
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Flgurel. Stenosis geometry

Blood is considered as an elastico-viscous fluid
model mixed with uniformly distributed magnetic
nanoparticles such that N is the number of particles
per unit volume. These particles move freely with
velocity %, in the axial direction along with the fluid
and we assume that at timet <0 , fluid and
particles are assumed to be motionless. An external
magnetic field perpendicular to the axial direction is
applied on the circular tube and that, being an
electrically conducting fluid, blood engenders
electromotive force which influences the magnetic
particles. Hence, by using Newton's second law of
motion we derive the governing equation of particles
motion as
m 220 _ R N @, O - u,F, D) (1)
PY: s A p\

Where the mean velocity of particle ism, uis the
fluid velocity and Kis the Stoke's constant.
Likewise, the flow governing equations of motion of
fluid using Navier-Stokes equations can be expressed

as ([16],[19],and [20]).

_ow () _ 9P 9, 0%y (7E)
a—?t ) = -5t GO + (utp, at)[ pe
10ur(r,t _ —
Ff— ]- B3 uf(1_", t) - Kpuf(r, T + KN
u,(F, ©) — up(r, 1) 2)

The oscillating pressure gradient along the axial
direction and the periodic body acceleration are

_2_’2_’ = Ay + A; cos(@t): G(t)=b, cos(®,t + @)

In the pressure gradient term, A, is the steady state
part, Ajis the amplitude of oscillatory part and
@ = 2mfwhere fis the heart pulse frequency. In
G(t) ,b, is the amplitude of body force, @, = 2rf,
where f, is the frequency of body acceleration, and
@ is the phase angle. Let us consider the Reynolds
number is small enough to negate the induced
magnetic and electrical field effect on the flow.
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Therefore, including the body acceleration,
electromagnetic force, magnetic field and pressure
gradient in the fluid momentum equation, we attain

the flow governing equations of fluid as

_ou,(r,t) .
—af Ay+A; cos(wt)
+ by cos(@,t + @)
_ _ 9\ [o*ur(rD | 10upGFD
+(”+”1E)[ oz T or ]_

o Biu,(7,t) — Kyu;(¥, ©) + K,N (u,(7, 0 —
up(r, 1)) (2)

The initial and boundary conditions related to the
fluid and particle motion are
us(r,0)=0;u,r, 0)=0

= — — aus(0,7)
uf(Rz,t)=0foraIIt20;ufT=0 (3)

Introducing the transformation coordinates together
with radial transformation y =£ and ipas the
average velocity of fluid we obtain the non-
dimensional momentum equations and boundary
conditions as below

Transformation coordinates:

u - o R
U= =g U= w0 =T R=g
0 0 0
= - 7= 1. p2 7. p2
T z AoR A1R
r*:,—,z*=,—,L0*=,—0,AB— 7070, ;—%1
Ro Ro aug faug
boR3
by = -2
0 p—
[z

Non dimensional momentum equation of

fluid:

azauf(y!t)
at

1 a
by cos(wyt + @) + 7 1+ B. &)

= Ag + A, cost +

Pup(yt) | 10up(yp)
ay? y oy ]+ P (u,,(y,t) -
ufy, t—Hufy, t 4
Non dimensional momentum equation of
particle:
dup(yt)
a’6 —E=—==u;(y, ) —u,(y,)(5)
2 _ Riap Em_ .o _ RgBgo
Where a*=1-G=—M"= 228, =
n _ PKsRy n
wfepc _ ROIYRSD 2 _ If_g
u un R
HE= M2+ -
Da?

Non dimensional initial and Boundary conditions
are:

ur(y,0) =0;u,(y, 0)=0
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uf(l,t):OforaIItzo;M=

0 (6
Non dimensional form of stenosis wall
geometry :
R =R(2)
1—-n{ly 1z —dy) — (z—dp)™},
= fordy <z < dy+1L

1, for otherwise
5 m/m-—1 d
Wheren = L% ——andd, =
i Ro

3. Solution Procedure

In order to solve Eq.4 and Eq.5 subject to the initial
and boundary conditions Eq.6, we operate the
Laplace transform with respect to the time coordinate
(t) and finite Hankel transform with respect to the
radial coordinate (y) which are defined as:

Liu(y,t) = u' (y,s) = [ u(y, et dt (7)

1
Ho [ (3, 5)] = f Y 3, 9o (A dy
0
= (A, 5) ®)

In the above equation A,,,n = 1,2,3 .... represent the
positive roots of Bessel function of first kind and of
order zero denoted as J,(y)

By employing Laplace transform subject to the initial
conditions on Eq.4 we obtain
/ _ uf(y,s)
up(y' s) = (1+ a2Gs) ©
Simultaneously applying Laplace transform and
finite Hankel transform on Eq.5, we get
) He 1+sp, 22
a“s + + T n

o p a’Gs
‘\(1+ a%Gs)

Ay, sA; (scosp — wsing)1J1(4,)
[G+77) + o
s“+1

U (A, )

s 5?2 + w? i,
Uy (A, s) =

Ao sA1 (scosp—wsing) | J1(4n)
[(T + s2+1) + bo 52 +w? An -Q(s)

(10)
Where
(1+ a?Gs)
Q(s) = >
C1nS + Czns+ C3n
AZ
Cin = %G <az + _;;I}:)

A2 A2
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n
C3a = H* + R2 The acceleration of fluid and article can also be
Now, applying inverse Laplace and Hankel calculated by using the expression
transforms simultaneously on Eq. (10), we obtain the  Flyid acceleration: F, = 2492 (17)
fluid velocity distribution _ _ Srep (3.2
w(y,t,2) =2 52 Join) (FO * g(©)}(11) Particle acceleration: F, = ———— (18)

n=1 ;2

Where Further, the dimensional effective viscosity f, is

An : :
f(t) = [Ag+ A; cost + bycos(wyt + (p)]]l(_) defined as:

An (@)E}
2Gr. 1+ a%Gr f, = (19)
9(t) = 1+ a“Gry, eTint — 2n erant He = 07
n —Ton Tin —T2n : He Qt2)
Takin = =and Q(t,z) = ——
—Cn t C2n2 — 4cynC3p I e K ¢ nR3ig
TinTon = 2C1n 8
f) gt = ftf(x)g(t — x)dx (12) The non-dimensional effective viscosity as:
0 _ (Ap+4, cost)R*
The particle velocity distribution is derived as '
1
u,(y,t,z) = %Ge_m * up(y,t,z) (13) 4. Numerical Computation and Discussion
“ The quantitative effects of various physiological
Using Eq. (11) we derive the following expressions. parameters on the flow characteristics are analyzed
by calculating numerical values using MATLAB
The wall shear stress distribution: software whose results are depicted in graphs. It is
1 ) dus observed that the analytic expression for fluid
Tw(.t,2) = E(l +Be 5)7 =1 (14) velocity (Eq.11) obtained agree with the formula
given by [19] for Pc = 0.
The volumetric flow rate:
1
Q(t,z) = R* [ yus(y,t,2) dy (15)
The flow impedance:
_ LAg+ A cost
A(yr t; Z) - fo Q(t,2) dZ (16)
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Figure 2. velocity distribution of (a) Blood and (b) Nanoparticle with axial distance for different Hartmann number, Darcy
number and body acceleration number
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Figure 3. velocity distribution of (a) Blood and (b) Nanoparticle with axial distance for different elastic parameter. time and

pulsatile Reynolds number
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Figure 4. velocity distribution of (a) Bloed and (b) Nanoparticle with axial distance for different particle mass and concentration

parameter

Figure 2 illustrates the variation of both fluid and
particle velocity profile for different values of
magnetic number, body acceleration, and Darcy
number.While the velocity profile increases with the
rise of Porous number (Da) and body acceleration
parameter b, , the increase of magnetic number M?
decreases the speed of fluid. The radial distribution
of velocities of both fluid and particles are similar in
terms of Darcy number, periodic body acceleration
number and magnetic number, the effects of these
parameters are comparatively more in particles than
in fluid wvelocity, which in turn, validates the
presence of drag force. Evidently, velocity is less in a
strong magnetic field and attains its maximum when
the magnetic field is absent.Figure 3 explains the
influence of elastic parameter, time and Reynolds
number on the velocity profiles of both fluid and

particle, reveals that the stream and particle speed
decreases with the increase of above mentioned
parameters. However, the space between different
curves for different parameters indicates that the
variation is more in particle velocity profile
compared to the fluid speed field. Figure 4 reveals
that the velocity profile of both fluid and particle
decreases for the increase of particle mass and
concentration number.

The effect of magnetic number verses axial distance
on the wall shear stress is shown in fig.5(a) and
noted that the amplitude of wall shear stress
negatively increases with the increase of Hartmann
number. Figure 5(b) exhibits that the wall shear
stressincreases negatively with the advancement of
magnitude of body acceleration number b.
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Figure 6 establish the prominence of particles
presence in fluid blood by varying particles mass and
concentration number respectively. It is significant
that the existence of nanoparticles in blood amplifies
the shear stress at the wall surface with the fluid in
contact. Further, it is observed that the extent of wall
shear stress increases along with the increase of
number of particles and their mass in fluid.

Figure 7 depicts that the variation percentage for
shear stress distribution with respect to elasticity is
more for the low elastic parameter and for the high
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(a) Magnetic number effect
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elastic parameter the distribution curve seems to be
plane explaining that the distribution is more and
seems to be uniform. Figure 7(b) explicates that the
profile of shear stress at wall decreases considerably
to form the low porous medium and the increase of
Darcy number, the wall shear stress diminishes
gradually. Figure 7(c), disclose that the presence of
stenosis in arterial wall enhances the shear stress, and
affect the fluidic flow. It is found that the wall shear
stress profile has the nature of parabolic curve for the
symmetric shape (m = 2).
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(b) Body acceleration number effect

Figure 5. Wall shear stress profile for different Magnetic number (a) and body acceleration number (b)
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Figure 6. Wall shear stress profile for different particle mass number (a) and particle concentration number (b)
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Figure 7. Wall shear stress profile for different Elastic number (a), Darcy number (b) and Shape parameter effect (c)

Figures 8-10 enumerates the variation of flow
impedance for different values of appropriate
parameters. Figure 8(a) shows that the flow
resistance increases with the increase of magnetic
intensity. The flow impedance attains its greater
magnitude in low magnetic intensity and decreases
as the Hartmann number increases because the
magnetic particles have a rotational motion in the

50
a5 =T
40 -7
-~ 35 4
30
M2=0
2L~ - = -M2=1 7
- M2=2
B R
20

4 42 44 46 48 5 52 5H4 56 5B 6

(a). Magnetic number effect

presence of a magnetic field and enhance the
apparent viscosity. Figure 8(b) indicates that the
magnitude of flow impedanceincreases with the
increase in body acceleration number. In fig. 9, it is
reported that for different values of particle

concentration number and mass parameter the flow
resistance increases with the increase in particle
concentration number as well mass number.

1 42 44 416 438 5 52 5.4 56 58 6

(b). Body acceleration number effect

Figure 8, Variation of flow resistance for different Magnetic number (a) and Body acceleration number (b)
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(a). Particle mass number effect (b). Particle concentration number effect

Figure 9. Variation of flow resistance for different particle mass number (a) and particle concentration number (b)
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(a). Elastic number effect
(b). Darcy number effect

z

(c). Shape parameter effect

Figure 10. Variation of flow resistance for different elastic number (a), Darcy number (b) and Shape parameter effect (c)

Figure 10(a) demonstrates that the flow resistivity
increases with the advancement of the elastic
parameter. As the Darcy number gets amplified, the
flow resistance reacts contradictorily and allows the
increased flow rate is shown in Fig. 10(b).From. Fig.
10(c) it is observed that the rate of flow resistance
decreases as the shape parameter increases. Further,
for the symmetric stenosis shape number (m=2), the
resistive flow value attains its maximum.

5.Conclusion

In this paper pulsatile flow of elastico-viscous fluid
suspended with nanoparticles flow through stenosed
artery is considered. The flow is under the applied

transverse magnetic field with periodic body
acceleration through a porous circular rigid tube.
Exact values for the flow variables are obtained
through analytic expressions and their distribution
profiles with different involved parameters are
discussed and narrated graphically. This model
concludes the significance of magnetic field strength
on the axial velocity of both particle and fluid. The
velocity decreases for the stronger magnetic field.
Hence, in magneto therapy, the magnetic appliances
on flow velocity of blood can be controlled by
regulating the magnetic field intensity value.
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